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w 1. Recent ly ,  in connect ion with va r i ous  e n g i n e e r -  
ing appl ica t ions ,  i n t e r e s t  has  a r i s e n  in the hydrody-  

namics  of a f e r r o m a g n e t i c  fluid. Such a med ium can 
be r e a l i z e d  by col lo ida l  d i s p e r s i o n  of f ine f e r r o m a g -  
net ic  p a r t i c l e s  in an o rd ina ry  fluid. The magne t i c  

momen t  of unit vo lume  M can r e a c h  cons ide rab l e  v a l -  
ues ,  becoming  c o m p a r a b l e  with the magne t i c  moment  

of sol id  f e r r o m a g n e t i c s .  
Equat ions fo r  a f e r r o m a g n e t i c  fluid w e r e  f i r s t  d e -  

r i v e d  in [1]: 

P [ ~  + (vV) V] = - - V P  + nV~v + M W ,  (1. i )  

OT T (OM ~ VOIt ] 
o ~ + v V T  + c%_ \~_/~k_g/_ + (vv)H~ = xv2T, (1.2) 

d i v v : 0 ,  d l v ( H + 4 ~ t M ) = 0 ,  r o t H : O .  (1:3) 

In the de r iva t i on  of these  equat ions  it  was a s s u m e d  

that  the f luid was magne t i zed  to sa tu ra t ion  by a s t rong  
magne t i c  f ield.  T h e r e f o r e ,  the absolute  value  of the 
magne t i za t ion  M is  not  a funct ion of the f i e ld  H and is 

d e t e r m i n e d  only by t e m p e r a t u r e .  If the m agnetic f ie lds  

a r e  not  too s t rong  and sa tu ra t ion  is  not  at tained,  in 

Eq. (1.1) we mus t  have  (MV)H ins tead  of MVH. 

System (1.1-1.3) is considerably more complicated than the usual 
equations of hydrodynamics. This is due, in the first place, to the con- 
siderable nonlinearity of the magnetic force MV H in tile Navier-Stokes 
equation. Furthermore, motion in an nonuniform magnetic field is 
always nonisothermal, and this is due to cooling of the magnetic when 
it moves into weak-field regions. Consequently, in the cases of the 
nonuniform magnetic fields that are of practical interest, the well- 
known one-dimensional solutions of ordinary hydrodynamics (Poiseuille 

'flow, Couette flow, etc. ) cease to be one-dimensional and, as a result, 
are inaccurate. In w167 and 3, we consider ferrohydrodynamic analogies 
of Poiseuille and Couette flows. 

w Let us cons ide r  the mot ion  of a v i scous  f e r r o -  
magne t ic  f luid in a plane l a y e r  of th ickness  2l, caused  
by nonuni formi ty  of the magne t i c  f ield.  A s t rong  uni -  
f o r m  f ie ld  H 0 is d i r e e t e d  a c r o s s  the l aye r ;  a f ie ld  
g rad ien t  along the l a y e r  is n e c e s s a r y  fo r  mot ion of the 
fluid.  Then, the o c e u r r e n c e  of a long i tud ina l  m a g n e t i c -  
f ie ld  component  that  v a r i e s  a c r o s s  t h e ' l a y e r  fol lows 
f r o m  Eq. (1.3.3). In a nonmagne t i zed  med ium (M = 0), 
Eqs. (1.3.2) and (1.3.3) a r e  s a t i s f i ed  by 

H~ = Ho + Ax, H~ = Az .  
(2.1) 

The p r e s e n c e  of M in (1.3.2) causes  solut ion (2.1) 
to no longer  sa t i s fy  Maxwel l  equat ions  (1.3.2) and 
(1.3.3). We l im i t  o u r s e l v e s  to low f ie ld  g rad ien t  

Al  ~ Ho (2.2) 

As wil l  be seen  below,  even under  this  condit ion 
the magne t i c  f o r c e s  a re  equiva len t  to cons ide r ab l e  

p r e s s u r e  d i f f e ren t i a l s .  It should a lso  be bo rne  in mind 
that  when condit ion (2.2) is not  sa t i s f i ed ,  the f ie ld  

drops  to z e r o  at d i s t ances  com pa rab l e  with the l a y e r  
th ickness .  This  v io la t e s  the fundamental  assumpt ion  
of total  magne t i za t ion  of the medium.  When condit ion 

(2.2) i s  sa t i s f i ed ,  solut ion (2.1) fo r  the f ie ld  and 

Mz = Mo, Mx  = (Mo / Ho) Az  
(2.3) 

fo r  the momen t  sa t i s fy  Eqs. (1.3.2) and (1.3.3) in an 
approx imat ion  l i n e a r  in A. Here  M 0 is  the sa tu ra t ion  
magne t i za t ion ,  which is  a funct ion only of t e m p e r a t u r e ,  
and in a not too wide in te rva l  of va r i a t ion  it  can be 
r e p r e s e n t e d  by the f o r m u l a  [1] 

M o = a (O - -  T). (2.4) 

Here, a and 0 are positive constants and T is the 
absolute temperature. Substituting the M and H found 
into Eq. (1.1), we obtain 

v~ = (2,1)-1.4 M0 (l 2 ~ z*), v~ = 0. 
(2.5) 

If we c o m p a r e  this  mot ion with o rd ina ry  Po i seu i l l e  

f low, we see  that  the r o l e  of the p r e s s u r e  d i f fe ren t ia l  
Ap is  p layed h e r e  by MoAH. Let us e s t i m a t e  the effect .  

if the vo lume  concen t ra t ion  of f e r r o m a g n e t i c  p a r t i c l e s  
is  on the o r d e r  of 0.1, then M 0 ~ 10 2 e r g / G  �9 cm 3, and 
when AH ~ 10 4 0 e  we obtain an e f fec t ive  Ap ~ 1 aim. 
This  magne t i c  p r e s s u r e  can equal ize  the hydrodynamic  
p r e s s u r e  d i f fe ren t i a l  (magnet ic  m i r r o r ) .  

In an approx imat ion  quadra t i c  in AUH0, the long i -  
tudinal  ve loc i ty  does not  va ry ,  and f r o m  (1.2) we find 

the t e m p e r a t u r e  d i s t r ibu t ion  o v e r  the l a y e r  th ickness  

I AeM~ (5P--61~z~ +P)I"  T = T 0  i + ~  (2.6) 

Temperature in_homogeneity is caused by the magnetocaloriceffecq 
i. e., by heating of the magnet when it moves into the strongTfield 
region. Since the most intense fluid motion occurs near the center of 
the layer, the maximum temperature is also found there. This, in 
turn, results in partial demagnetization of the heated regions of the 
fluid (2.4), causing additional magnetic forces directed across tile 
layer. Together with inhomogeneity of H x, this results, in an approx- 
imation quadratic in A, in the appearance of a transverse velocity 
component (magnetic convection), i.e., the motion ceases to be one- 
dimensional. 

3. Let  us cons ide r  a f e r r o h y d r o d y n a m i c  analog 
of Couette  flow. Let  t h e r e  be a plane l a y e r  with bound- 
a r i e s  z = •  that move  along the x - a x i s  with the v e l o c -  
i t i es  *V. The same  assumpt ions  a s  in the p rev ious  ease  
a r e  made  about the magne t i c  f ie ld ,  i .e . ,  condit ion (2.2) 
is a s sum ed  to be sa t i s f ied .  Here ,  however ,  f o r m u l a s  
(2.1) and (2.3) a r e  not val id  even in an approximat ion  
l i n e a r  in A. 

This  fol lows f r o m  Eq. (1.2), in which for  v we can 
subs t i tu te  the ve loc i ty  of unper turbed  Couette flow V z / l  

V z (OT aToA zv2T.  (3.1) 7 -  ~ c~ ) 
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The  s o l u t i o n  of t h i s  e q u a t i o n  h a s  t h e  f o r m  

A V a  __  z2 ) ] . r = T (z) = To [ l ~ -  ~ z  (P ( 3 . 2 )  

By v i r t u e  of (2.4) and (3.2),  m a g n e t i z a t i o n  i s  now 

a l r e a d y  a f u n c t i o n  of z in  an a p p r o x i m a t i o n  t h a t  i s  l i n e a r  

in the  f i e l d  g r a d i e n t .  If we  s o l v e  ( 1 . 3 . 2 ) a n d  ( 1 . 3 . 3 ) w i t h  

t h e  M(z)  found ,  we  o b t a i n  

-1- 4r~a~T~ H ~ = H o T  A x _ _  ~ z ( l  ~ - z  2 ) + 0 ( A 2 ) ,  

h~ = A~ + O(A2), 

M~ = a ( 0 - -  To) - -  a:T~ 6Zl% Z (1 ~ -  Z s) - 5 0  (A2), 

M~ = aAI t~  ~ ( 0 -  To) z + 0 (Ae) , (3.3) 

Now we  d e t e r m i n e  t h e  c o r r e c t i o n s  f o r  v e l o c i t y  and 

p r e s s u r e .  We s e e k  v in  t h e  f o r m  

v~ = V z l  I §  (z), v~ = O, 
(3.4) 

w h e r e  the  f i r s t  t e r m  i s  c o n v e n t i o n a l  C o u e t t e  f l o w  and 

w(z)  i s  a c o r r e c t i o n  g o v e r n e d  by t h e  m a g n e t i c  f o r c e s .  

T h e n  f r o m  ( 1 . 1 ) w e  ob ta in  

0 = Op Ox + qw" @ aA ( 0 -  To), 

0 - -  Op 4ga~ToVA (l~__ 3z~)" 
0z + 6Z/e--~-  (3.5) 

The  f o r m e r  of t h e s e  e q u a t i o n s  d e t e r m i n e s  w(z)  and 

the  l a t t e r  g i v e s  t he  p r e s s u r e  d i s t r i b u t i o n  o v e r  t h e  

l a y e r  c r o s s  s e c t i o n .  It i s  e a s y  to  s e e  t h a t ,  in t he  a b -  

s e n c e  of a h y d r o d y n a m i c  p r e s s u r e  g r a d i e n t  a long  t h e  

l a y e r ,  Eqs .  (3.5) l e a d  to  t he  " P o i s e u i l l e "  c o r r e c t i o n  

f o r  t h e  v e l o c i t y  of C o u e t t e  m o t i o n  

w (z) = (2n)-rAMo (F - -  z2). (3.6) 

The  i n t e r a c t i o n  of P o i s e u i l l e  and C o u e t t e  f l o w s ,  

w h i c h  i s  g o v e r n e d  by n o n l i n e a r i t y  of t he  m a g n e t i c  f o r c e ,  

c a n  be  d e t e c t e d  only  in a p p r o x i m a t i o n s  h i g h e r  in A. 

w It w a s  s h o w n  above  t h a t  a m a g n e t i c - f i e l d  g r a d i -  

en t  can  c a u s e  m o t i o n  of t h e  m e d i u m .  B e c a u s e  of t h i s ,  

i t  i s  a d v i s a b l e  to  f i n d  out in  w h i c h  c a s e s  e q u i l i b r i u m  

of t he  f l u id  in  t h e  p r e s e n c e  of VH i s  p o s s i b l e .  A p p l i c a -  

t i on  of t h e  r o t  o p e r a t i o n  to  (1.1) g i v e s  it t h e  f o r m  

0 
-gf r o t v  = 

= r o t ( v x r o t v ) + v v ~ r o t v - ~ - ~ t  V M •  (4.1) 
P 

H e n c e ,  we  s e e  t h a t  a n e c e s s a r y  (but no t  s u f f i c i e n t )  

c o n d i t i o n  f o r  f l u id  e q u i l i b r i u m  i s  VM x VH = 0, o r ,  

in v i e w  of (2.4),  

V T x V H  = O. (4.2) 

T h u s ,  in  t h e  p r e s e n c e  of VH, e q u i l i b r i u m  i s  p o s -  
s i b l e  e i t h e r  ff T = c o n s t  and  the  f i e l d  g r a d i e n t  i s  e q u a l -  

i z e d  by  e x t e r n a l  p r e s s u r e  o r  if  VT II VII. In t he  l a t t e r  

c a s e ,  h o w e v e r ,  t h e  p r o b l e m  of s t a b i l i t y  of t he  p o s s i b l e  

e q u i l i b r i u m  a r i s e s .  In the  e x a m p l e  c o n s i d e r e d  b e l o w ,  

t h e  p r o b l e m  of e q u i l i b r i u m  s t a b i l i t y  of a n o n u n i f o r m l y  
h e a t e d  f lu id  in  a m a g n e t i c  f i e l d  h a s  a s i m p l e  so lu t i on .  

Let the fluid occupy a thin cylindrical layer with radii R and R + 5, 
where 5 << R. A constant electric current I flows over the inside cyl- 
inder, and creates in the layer the magnetic field 

H~ = H =.2I / or. (4.3) 

The temperature at the layer boundaries is given 

T (R) = T r, T (R@ 6) = T~--O (~ <.~Tz). (4.4) 

It is easy to see that Eqs. (1.1-1.3) are satisfied by the equilibrium 
solution 

v =  O, T0= T ~ - - ~ x / 6 ,  H~ = H, 

M, = )/[o = a (0 --  T 1 @ Ox/ 6).(x = r -- R). (4.5) 

Let us investigate the stability of this equilibrium with respect to 
axisymmetrin perturbations that are periodic along the z-axis. For 
this, we substitute into Eqs. (1.1-1.3): 

v, p - - p 0 §  T =  r ~ +  T', M ~ = M o +  ra, (4.6) 

where v, p', T', and m are the perturbations of the corresponding 
quantities. If we linearize the equations in the small perturbations and 
assume that atl derivatives with respect to time are zero (stability 
boundary), we find 

0 = --  Vp' + ~]V2v @ mVH, divv __ 0, 

To /OMo\ (4.7) 
VVTo + ~ i ~ y - ) .  (vV) tz = zV2T '. 

Equation (1.3.2) is satisfied identically for axisymmetric perturba- 
tions. We seek the solution of system (4.4) as 

Vz=W(r) eoskz, vr = v(r) sinkz, ve = O, p ' =  s(r) sinlcz, 

T' = �9 (r) sin kz., m = --  aT'. (4.8) 

Since the layer is thin (5 << R), we can make a number of simplifi- 
cations. First, the sole (radial) component of VH can be written as 

(~H)r= -- 2I / cr 2 ~ -- HTI-~. 

Furthermore, from the equation divv = 0 it follows that 

v '  ~ lap. (4.9) 

The remaining equations of system (4.7) give 

H ks=r I (w"--l~x), s'=~l(v" --k2v) + a'c - i f ,  

@ aT~I t  ( 4 . 1 0 )  

In the latter equation, T O is replaced by T1, with use of the small- 
ness of& as compared with T 1. System (4.9-4.10) is to be solved under 
the following boundary conditions when x equals 0 and 5: 

(4.11) 

Eliminating s, v, and w from the equations, we obtain 

xnn \ - V -  n-~-'~ j" (4.12) 

The solution of boundary-value problem (4.11-4.12) (in the first 
condition for v and w we can substitute the conditions for the higher 
derivatives of r) determines C(k2), and the minimum of this function 
corresponds to the stability boundary. It shouM be noted that the prob- 
lem in question is entirely equivalent after the approximations to the 
problem of stabiIity of a plane horizontal fluid iayerheated frombelow 
in a gravity field, wherein C54 plays the role of the Rayleigh number. 
Therefore, we can use the calculation results of Pellew and Southwell. 
[2], and this yields (CSa)min = 1710, or for the critical temperature 
gradient: 

A - -  - -  t 7 1 0  T - -  A ~ i 7 t 0 - -  . (4.13) R c n  

As should be expected, instability "occurs only when ~ is positive. 
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The expression for the critical temperature gradient in the problem 
of convective stability of a plane layer [2] is giver~ in (4.13) for com- 
parison. 

As is apparent, the magnetic field gradient HR "z plays a dual role. 
On the one hand, it is equivalent to the gravity field g, i.e., it causes 
convection; the pyromagnetic coefficient a is equivalent in this ease 
m the coefficient of volume expansion 13. On the other hand, the mag- 
netic field is a stabilizing factor (the second term in (4.18)). This is 
explained by cooling of the fluid when it moves into the weak-field 
region. Therefore, the critical temperature gradient as a function of 
HR "1 has a minimum when 

fI ~ 1 7 t 0 ~  (4.14) 
-R--J0 = a TI~ ' 

This field gradient corresponds to 

2aT1 H 

An estimate according to (4,14) gives for (HR-I)0 a value on the 
order of 6-2(10s-104) Oe/cm. Thus, the magnetic field has a stabi- 
lizing influence only for large values of its gradient. In all situations 
of practical interest, therefore, the critical temperature gradient de- 
creases as the field increases. 
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